Is V2 a fraction? This brings us to one of the most famous proofs in
mathematics. It follows the lines of the type of proof which the Greeks loved:
the method of reductio ad absurdum. Firstly it is assumed that V2 cannot be a
fraction and ‘not a fraction’ at the same time. This is the law of logic called the
‘excluded middle’. There is no middle way in this logic. So what the Greeks
did was ingenious. They assumed that it was a fraction and, by strict logic at
every step, derived a contradiction, an ‘absurdity’. So let’s do it. Suppose

L
n

We can assume a bit more too. We can assume that m and n have no common
factors. This is OK because if they did have common factors these could be
cancelled before we began. (For example, the fraction %%; is equivalent to the
factorless % on cancellation of the common factor 7.)

We can square both sides of V2 = "4 to get 2 = "4 and so m? = 2n%. Here is
where we make our first observation: since m’ is 2 times something it must be
an even number. Next m itself cannot be odd (because the square of an odd
number is odd) and so m is also an even number.

So far the logic is impeccable. As m is even it must be twice something which
we can write as m = 2k. Squaring both sides of this means that m? = 4k?.
Combining this with the fact that m* = 2Zn? means that 2n* = 4k’ and on
cancellation of 2 we conclude that n* = 2k*. But we have been here before!
And as before we conclude that n? is even and n itself is even. We have thus
deduced by strict logic that both m and n are both even and so they have a
factor of 2 in common. This was contrary to our assumption that m and n have
no common factors. The conclusion therefore is that V2 cannot be a fraction.

It can also be proved that the whole sequence of numbers Vn (except where n
is a perfect square) cannot be fractions. Numbers which cannot be expressed
as fractions are called ‘irrational’ numbers, so we have observed there are an
infinite number of irrational numbers.
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Definiticns

1. & podnc |s thar of which ther: is no part,

2. And a line is a keagth without breadth.

3. And the extremities of a ling are poinis,

4, A straight-line is (any] one which les evenly with
paints o itself,

5. And a surfaee ig that which has length and breadth
cnly

&, And the exeremities of a surface are lines,

7. A plane suclace s (any) one which lies evenly with
the straighit-lines on irself.

&, And a plane angle is the inclination of the lines @
o ancsher, when rwio lines in a plane meet one another,
angd are not lylng In a swraight-line,

9, And when the lines containing the angle are
straight then the angle is called rectilinear.,

10, And when g steaight-line stood upen {another)
siraight-lne makes adjpcent angles (which are) agqual to
one another, each of the egual angles is a cight-angle, and
the former smaight-line is called a perpendicular to that
apon which it stands,

11, An obmse angle is one greater than a nght-angle,

12, And an seute angle {12) one less than a dght-nngle,

13, A boundary is thar which is the extremity of soome-
thing.

14, A figure is that which is contained by some bound-
ary ar boundaries,

15. A circle is & plane figure concalned by a single line
[which is called a circumference], (such that) all of the
straipht-lines radiating rowards [the circumfercnes] from
one point amongst those lying inssde the figure are equal
to one ancther

16, And the point is called the center of the circle.

17. And a diameter of te clrcle Is any straight-line,
being drawn theough the center, and rerminared in each
directinn by the circumference of the circle, {And) any
such {straighc-line} also cuts the circle in hall?

18, And a semi-civcle is the figure contained by the
diametar and the circumference ous off by I And the
cenler af the semi-ircle is the same (polnt) as (the center
of} the circle.

19, kecdlinear figwres are thase (figeres) contained
by straisht-lines: trilareral figures belng those contiined
by three straight-Hnes, quadrilateral by four, and muld
lateral by more than four,

20, And of the wilaceral figurcs: an equilaterzl wian-
gle is that having three equal sides, an fsosceles (triangle)
that having only vwo equal sides, and o scalene (relangle)
that having three unegual sides,
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#ft', T & verpashetpwy oympudbnay Epdruvey w 21, Andd further of the rilateral figures: a ght-angled
fetre, § tofmAgugdy T Got wal Apdoydnaoy, fvepdpnee;  triangle is that having o right-angle, an obtuse-angled
B, fi dpioydminy pév, ol ledrheupoy B, péuflas Gg, § (miangle) thar heving an olbtuse angle, and an acute-
tndmhepey pév, vk defovinaoy 53, fopbombbs 68 70 tag  angled (orlangle) thar having three acute angles.
dmevantion mhpupds o xol yedog Tows ERAERag Byow, 8 22, And of the quadrilavers] figures: a square is that
ome imtmhrusdy fot alite dpdoyday i B¢ nepd teimn which i righeangled and equilaterel, & reciangle that
TeTpEimbeupa TpamElie waheimiics. which is right-gngled but no equilateral, & rhombus chat

wy'. Tapikdrpol clor obidio, ofveg #v oi altp which is equilateral but not right-angled, and a rhomboid
Fafi olima ww Sxfelidusve sis Snmpov ey’ ixdrepa that having opposite sides and angles equal w one an-
Té péon nl prddtepn oupmintoumy dhhfhes, other which is neither right-imgled nor equilateral. And

Tet quadrilaeral figures besides these be called trapezia.

23, Pacallel lines are stralght-lines which, being in the
same planz, and being produeed o infinity in each diree-
lion, meet with one another in nelther {of these diree-
tlons).

¥ Thiz smouk el be cosinted a5 a posiulace, racher than as pan of a deficizion

Alrruea, Postulates
®, Hrfoie dmé movets onusiew #n niv orpeioy 1. L&t it have been postulated? to draw a straight-line
elrlleTay Yoy dyeyEty. from any point to any poinc
B, Kol =emsgamuévrp elfisioy wand vh cuwopls b 2 And to produce a finite straight-line condnuously
ediciag Exfichelv. In a srraight-line.
¥ Bl manerl sebvrpe eoft Bl e selodhion ¥ pdgeoiin. 3. And 1o draw a cirele with any censer and radius,
B, Kol mang vhg dpdds yewing Tans drhofhaw b, 4. and thar &ll right-angles are equal to ooe anochee,

£, Kot 23 el Bho sindelng eifiela feniztouos wiy Sads 5. And that If 8 straight-line falling peross two (other)
w7 v wlvh pden yndes Blo dpldv Bhdocsvas o, straight-lines makes incernzl angles on the same side
Enfiah b ot Th G00 eodclzs bx' Gnegow ougninten, & (of iself whese sum ) less than wo righcangles, then
i et elabe ol wtv Glo oty thimmoves. the two (other) straight-lines, heing produced to infinity,
meeat on that side (of the vriginal suralght-line) thet the
{sum of the internal angles) is less than vwo right-angles

{and do not meet on the other side).?

t Tha Grask present perfect tense Indicates a pot action with presens sgnificance. Hence, the 3nd-perser present perfect impemacve THdoie
coule be pranstared as “les it be postulaved™, io the serse "l I sand s postulared”, bur noe Vlen che postulate ke wow braught fcoward”. The
liteeal trunslatics “k it have been prstulacsd” scands avkward io Bnglishy, but evore accurately cophumes the musaing ef the Gresk

© ‘This postulite silecively specifies thar we are dealing with the geamery of flar, racher than curved, spece,

Tawal $wunom Common Notions
o, Th T6} olred Tor ol EhhAuong Bt Tow, 1. Things equal rm the sune thing are also equal to
[, Bod &irw Tooug Tow mpootedf, ok dha dordv Ton gme gnother.
v Kol v dnb Toww Tow dpmprdf, o sarebamiuev 2, And I equal things are added o equal things then
tamw Yo the whales are equal.
B Kol 78 tpxpudform b 0ARhn Tox S0 hhog boriv. 2, And if equal things are subtracred from equal things
&', Bl v Bhov toh pépnus weldy [Ban. then the remainders are equal.”

4. And things coinciling with one anather are equal
o one enother
5. And the whele [i5] greatet than the part,

| A5 2n atrions seienaion af C.hLa 2 & 3—F squal things are addad or subirected from the two sides of an inequaliy then the icequality
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 The exaumpden che: che dreles de indeed cut one anather shaull 1=
that mwe sTalght-lines camnat share a comman segment.

i
Fl .

Tl 783 Berllevm ernpesing <f, Sudeioy edfely Yoy elddelon
Al

“Eora o gy Sodv anpesiov oh A ) G Soidelon eliicla
7 BT~ Gel & mpds wip A ongely off Sollelon stdely <f BI
Tompw ednbeiaw o,

Encledylo vip dxd tob A ompelou =l th B onpeiry
eirbeia & AB, wol suveotime i el tpiravoy lodeheupay
o AAR, wd bulefihfotwoxy ix clliclas iz AL, AB

Proposition 1

To construer an eqeilateral wlangle on a given Enite
atrajght-line.

Ler AR he the gheen Anite straighs-line,

Ho i b required to consoruet an equilancral triangle on
the straight-line AB.

Lizt the circle BOD with center A and redius AR have
been drawn [Post. 3], and sgain let the circle ACE with
cenrer # and rading B4 have been drawn [Post. 3. And
let the stralght-lines £ A and O have besn joined from
the point ¢, where the cireles ous cne another m the
points A and H {respectively) [Fese 1]

And since the point 4 &5 the center of the circle OO0,
A b equal 1 AE [Def 1.15], Agmin, since Que point
i? 13 the center of the drele CAE, DO is equal wo A
[1ef. 1.15]. But A was also shown {to be) equal to AT,
Thus, &4 and 8 are each equal o AR, Bt things equal
to the same thing are also equal to one ancther [CH. 1].
Thus, &4 is also eqoal to &8, Thus, the thres (seaight-
lines) &4, A, and BC are equil o one anather.

Thus, the trigngle A0 is equilaeral, and hes been
construcred on the given Bnfte staight-line AR, (Which
is) the very thing it was required to do.

e fe am Scddiviomal postulate. There Is also an (eplicit assumpeian

Proposition 2°

To place a stroight-ling egual v a given snalghe-line
at @ given podnl (38 &0 extremity).

Lat A be the given point, and SC the given straight
line. Sa i ts required o place a straight-lame a0 poin A
equal ma the given streight-line JC,

For lct the straight-line A% have beea joedned [om
point A to point 2 [Post. 1], and et the equilatesal rian-
gle AR have been been constructed upen it [Prop. 1.1].
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Geometry

{ IroposiTior XXXVIIL  THEozEM.

179 I o parallelofram the opposite sides are equeal,
aeel Lhe opposile angles are eqooal.

Let the fipnre ARCE o a parallelogram,

To prove BO= AF and A 8= I
s, L R=2 N and £ BAFR= 2 BOE,
Proof, Draw A
A ABC=4A AR £ 178

(the diagonal af o O divides the fyurs indo tue siqual &)

S BO=AFE and A8 = C&
{Being Ramolagous sides of eqinal &)

Alza, L B=C1 and £ BAF=—=. BCK, §112
| (hoving their sides | and sebending {n opposile direchions from
i fhair oorfioes).
i | Q@ E. Ou
180, Con. 1. Forallel e comprehended between parallel
fines are equal,

i A i

181, Clog. 2. Two porallel Kies _‘
are everywhere equally dwlend, e ;
) ]

Farif A8 and D' are parallel,

Iz droprped from any points in AL to D measure the distances
of these points from D Bul theee I8 are equal, by § 180;
hence, a/f points in A8 are equidistant [rom D
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Geometry

Provosirion I, Tuwoned.

BBB. Kwery scobion of o sphere made by o plane s
et etrche,

Let & ba the centre of a sphere, and AED any sec-
tion made by a plana.

o prove dhat the section A BIY is o eivele,

Proof. Draw the radii @4, 008, to any two poinls 4, B, in
the boundary of the section, and draw OO L {0 the section.

In the rt. A Q400 OB

£ 15 common,

Also 0d= 0B,
(heing vadi of e aphere),
oA DAC=A 08 & 161

e O = 0

In Tike manner any fwe points in the boundary of the sec-
tion may be proved lo be equally distant from (7

Menve the eection 4 BI) iz o circle whose centre is €0 o ¢

B686. Com. 1. The lne joining the centre of o aphere fo fhe
centre of @ eirele of the sphere ts porpendiculer i the plane of
the cirele.

687, Con. 2. Circles of o aphere made by planes equally dis-
tent from the centre ave equal, For A0 = A0 — 00 and
Al and Offare the same for all equally distant circles; there-
fore AC i3 the same,
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